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In this paper we consider the permanence of the following LotkaVolterra
Ž . Ž .  discrete competition system with delays k , k , l , and l : x n 1  x n exp r 11 2 1 2 1
Ž . Ž .4 Ž . Ž .   Ž . Ž x n k   y n k , y n 1  y n exp r 1  x n l  y n1 1 2 2 2 1
.4l . We show the system is permanent for all nonnegative integers k , k , l , and2 1 2 1
l , if and only if   1 and   1 hold.  2001 Academic Press2 1 2
1. INTRODUCTION AND THE MAIN RESULT
In theoretical ecology, it is important whether or not all species in a
multispecies community can be permanent. There have been many studies
Ž for the permanence of models governed by differential systems see 1, 3,
 .5, 6, 8, 9 and the references cited therein . For example, for two-species
LotkaVolterra differential systems, it is known that time delays are
Ž  .harmless for the permanence of a predator-prey system see 9 and a
Ž  .competition system see 6, 8 . On the other hand, in the last two decades,
Ž  .several papers see, for example, 2, 4, 7 have appeared on the perma-
nence of discrete models of LotkaVolterra type without delay. However,
we find very few studies on the permanence of LotkaVolterra discrete
systems with delays.
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In this paper we consider the permanence of the following LotkaVolt-
erra discrete competition system with delays k , k , l , and l :1 2 1 2
x n 1  x n exp r 1 x n k   y n k 4Ž . Ž . Ž . Ž .1 1 1 2
1.1Ž .
y n 1  y n exp r 1  x n l  y n l . 4Ž . Ž . Ž . Ž .2 2 1 2
Ž .The initial condition of 1.1 is given as
 4x m  0, m 0, 1, . . . , max k , l ; x 0  0Ž . Ž .1 1
1.2Ž .
 4y m  0, m 0, 1, . . . , max k , l ; y 0  0.Ž . Ž .2 2
Here r , r ,  , and  are constants with r  0, r  0,   0, and1 2 1 2 1 2 1
  0, and delays k , k , l , and l are nonnegative integers.2 1 2 1 2
Ž .We say that the system 1.1 is permanent if there exists a compact set
2 Ž . Ž .D in the interior of R such that any solution of 1.1 with 1.2 will
ultimately stay in D.
The purpose of this paper is to give a necessary and sufficient condition
Ž .for the permanence of the discrete system 1.1 . Our main result is the
following:
Ž .THEOREM 1.1. The system 1.1 is permanent for all nonnegatie integers
k , k , l , and l , if and only if1 2 1 2
  1 and   11 2
hold.
Ž .In the case when there are no delays in system 1.1 , that is, k  k  l1 2 1
  Ž . l  0, Lu and Wang 7 showed that 1.1 is permanent if   1 and2 1
  1 hold. Thus, we see that Theorem 1.1 generalizes their result. From2
a biological point of view, Theorem 1.1 says that only strong density-
Ž .dependent coefficients of the two species imply the permanence of 1.1
for all delays.
   Lu and Takeuchi 6 or Takeuchi 8, pp. 253258 showed that the
following continuous LotkaVolterra competition system with delays
dx tŽ .
 r x t 1 x t    y t Ž . Ž . Ž .1 1 1 2dt
1.3Ž .
dy tŽ .
 r y t 1  x t   y t  ,Ž . Ž . Ž .2 2 1 2dt
Ž . Ž .where r and  i 1, 2 are the same as those in system 1.1 , isi i
permanent for all delays   0,   0,   0, and   0 provided that1 2 1 2
  1 and   1 hold. Therefore, the above Theorem 1.1 is also a1 2
Ž .generalization of the result on the analogous continuous system 1.3 .
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We give a remark. Consider the permanence of a LotkaVolterra
discrete system
X n 1  X n exp r  a X n k  a Y n kŽ . Ž . Ž . Ž .1 11 1 12 2
1.4Ž .
Y n 1  Y n exp r  a X n l  a Y n l ,Ž . Ž . Ž . Ž .2 21 1 22 2
Ž . Ž .where a  0 i 1, 2 and a  0 i j; j 1, 2 . By the transformationi i i j
Ž . Ž .of X r xa and Y r ya , the system 1.4 can be written as 1.11 11 2 22
Ž . Ž .with   r a  r a and   r a  r a . Thus, by Theorem 1.1 we1 2 12 1 22 2 1 21 2 11
can see that the following holds.
Ž .COROLLARY 1.1. The system 1.4 is permanent for all nonnegatie inte-
gers k , k , l , and l , if and only if1 2 1 2
r a  r a  0 and r a  r a  01 22 2 12 2 11 1 21
hold.
2. PRELIMINARY
In this section, we establish a lemma which will be used in proving the
main theorem.
Ž Ž . Ž .. Ž .LEMMA 2.1. Any solution x n , y n of 1.1 with the initial condition
Ž .1.2 is positie and ultimately bounded, that is,
lim sup x n 	 B ,Ž . 1
n




B min exp k  1 r , exp k  1 r  1 , 4  4Ž . Ž .1 1 1 1 1½ 5r1
1
B min exp l  1 r , exp l  1 r  1 . 4  4Ž . Ž .2 2 2 2 2½ 5r2
Ž . Ž .Proof. Clearly, x n  0 and y n  0 for n 0. We first prove that
Ž .lim sup x n 	 B dividing the proof into two cases.n 1
Ž .i The case r 	 1e. We first claim that for any sufficiently small1
Ž . 0, there exists a large N  0 such that x N 	 1  . If not, we0 0
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Ž . Ž .have x n  1  for all large n. Hence, from 1.1 we obtain for all
large n,
x n 1 	 x n exp r 1 x n k 4Ž . Ž . Ž .1 1
 x n exp r  .Ž . Ž .1
Ž . Ž .This implies x n  0 as n, which is a contradiction to x n  1
 for all large n.
Next, we claim that for any m 0 and  0,
x m  	 1  exp  r 2.1Ž . Ž . Ž . Ž .1
Ž . Ž . Ž .if x m 	 1  . In fact, let x m 	 1  . Then from 1.1 we have
x m  	 x m  1 exp rŽ . Ž . Ž .1
	 x m exp  r 	 1  exp  r .Ž . Ž . Ž . Ž .1 1
Ž . Ž . Ž . 4Thus, x n 	 1  exp k  1 r for N 	 n	N  k  1. Now, we1 1 0 0 1
will show that for all nN  k  1,0 1
x n 	 1  exp k  1 r . 4Ž . Ž . Ž .1 1
Ž . ŽOtherwise, there exists an N N  k  1 such that x n 	 11 0 1
. Ž . 4 exp k  1 r for N  nN , and1 1 1 0
x N  1  1  exp k  1 r . 2.2 4Ž . Ž . Ž . Ž .1 1 1
Ž . Ž .On the other hand, from 2.1 and 2.2 we can show that
x N  k  1  . 2.3Ž . Ž .1 1
Ž . Ž .Hence, from 1.1 and 2.3 ,
x N  1 	 x N exp r 1 x N  k 4Ž . Ž . Ž .1 1 1 1 1
 x N exp r   x N 	 1  exp k  1 r . 4Ž . Ž . Ž . Ž . Ž .1 1 1 1 1
Ž .This is a contradiction to 2.2 . Therefore, it follows from the arbitrariness
of  that
lim sup x n 	 exp k  1 r  B . 4Ž . Ž .1 1 1
n
Ž . Ž .ii The case r  1e. By 1.1 we have1
x n k  x n exp k r 2.4Ž . Ž . Ž . Ž .1 1 1
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Ž . Ž .when n is large enough. Hence, from 1.1 and 2.4 ,
x n 1 	 x n exp r 1 exp k r x n 2.5Ž . Ž . Ž . Ž . Ž . 4Ž .1 1 1
Ž .  Ž .for all large n. Let us define f x  x exp r 1 ax , where r and a are
positive constants. It is easy to see that
1
max f x  exp r 1 .Ž . Ž .
ra0	x
Ž .Then, it follows from 2.5 that for all large n,
1
x n 1 	 exp k  1 r  1  B . 4Ž . Ž .1 1 1r1
Ž .Clearly, lim sup x n 	 B . By arguments similar to those above, wen 1
can also show that
lim sup y n 	 B .Ž . 2
n
The proof of Lemma 1.1 is complete.
3. THE PROOF OF THE MAIN RESULT
In this section we prove Theorem 1.1.
Ž . Ž Ž . Ž .. Ž .Sufficiency. Let z n  x n , y n be any solution of 1.1 with
Ž . Ž . Ž .1.2 . Construct the discrete functions V n and V n for n 0 as1 2
r  r2 1 1V n  x n y nŽ . Ž . Ž .Ž . Ž .1
n1 n1
 exp r r x m  r r   x mŽ . Ž .Ý Ý1 2 1 2 1 2
mnk mnl1 1
n1 n1
r r  y m  r r  y m , 3.1Ž . Ž . Ž .Ý Ý1 2 1 1 2 1
mnk mnl2 2
 r r2 2 1V n  x n y nŽ . Ž . Ž .Ž . Ž .2
n1 n1
 exp r r  x m  r r  x mŽ . Ž .Ý Ý1 2 2 1 2 2
mnk mnl1 1
n1 n1
r r   y m  r r y m . 3.2Ž . Ž . Ž .Ý Ý1 2 1 2 1 2
mnk mnl2 2
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For the sake of convenience, we will use the convention
n1 n1
x m  y m  0.Ž . Ž .Ý Ý
mn mn
For any sufficiently small  0, let
   m  exp r r B k  r r  B k ,1 1 2 1 1 1 2 1 2 2
   m  exp r r  B l  r r B l ,2 1 2 2 1 1 1 2 2 2
   M  exp r r   B l  r r  B l ,1 1 2 1 2 1 1 1 2 1 2 2
   M  exp r r  B k  r r   B k ,2 1 2 2 1 1 1 2 1 2 2 2
where B  B   and B  B   . B and B are defined as in Lemma1 1 2 2 1 2
Ž . Ž .2.1. Then, it follows from Lemma 2.1, 3.1 , and 3.2 that there exists a
sufficiently large N 0 such that for nN,
0 x n  B , 0 y n  B , 3.3Ž . Ž . Ž .1 2
r  r r  r2 1 1 2 1 1m x n y n 	 V n 	M x n y n 3.4Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .1 1 1
 r r  r r2 2 1 2 2 1m x n y n 	 V n 	M x n y n . 3.5Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž .2 2 2
Ž . Ž . Ž .Calculating the ratio V n 1 V n i 1, 2 , we have for n 0,i i
V n 1Ž .1  exp r r 1   r r 1   x n ,Ž . Ž . Ž .1 2 1 1 2 1 2V nŽ .1
V n 1Ž .2  exp r r 1   r r 1   y n .Ž . Ž . Ž .1 2 2 1 2 1 2V nŽ .2
Let  0 be a sufficiently small constant satisfying 1    0 and1
1    0. Since 1    0, we see that2 1 2
V n 1  V n exp r r  3.6Ž . Ž . Ž . Ž .1 1 1 2
for
1   1
0 x n 	  h ,Ž . 11  1 2
and
V n 1  V n exp r r  3.7Ž . Ž . Ž . Ž .2 2 1 2
for
1   2
0 y n 	  h .Ž . 21  1 2
SAITO, MA, AND HARA168
Now let us define a region D as follows. Define two curves 	 and 
 by
m1 r  r2 1 1r  r2 1 1	 : x y   h B ,Ž . Ž .1 1 2M1
m2  r r 2 2 1 r r2 2 1
 : x y  B  h ,Ž . Ž .1 2 2M2
    4     4where   exp r 1 B   B and   exp r 1  B  B . It1 1 1 1 2 2 2 2 1 2
is easy to verify that the curves 	 and 
 intersect a unique point in the
interior of R2 . Let D denote the region enclosed by 	 , 
, x B , and 1
 Ž .y B Fig. 1 .2
Ž .In the following we will show that z n eventually enters and remains in
Ž .the region D. For that purpose, we first prove that z n eventually lies
above the curve 
. The proof is divided into two steps. Let NN
 4max k , k , l , l .1 2 1 2
Ž .Step 1. First, we show that there exists an n N such that y n 1 1
Ž . Ž .h . In fact, assuming the contrary we obtain from 3.7 that V n 2 2
Ž . Ž . Ž .as n. In the case   0, 3.3 and 3.5 imply that V n is2 2
Ž .bounded, which is a contradiction. In the case   0, it follows from 3.32
Ž .and 3.5 that
x n  0 as n. 3.8Ž . Ž .
Ž . Ž .Then using 3.6 we obtain V n  as n, which implies1
Ž . Ž . Ž . Ž .y n  0 as n by 3.3 and 3.4 . As a consequence, by 1.1 we
have
x n 1  x n exp r 2Ž . Ž . Ž .1
FIG. 1. The region D.
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Ž .when n is large enough. Thus, x n  as n. This contradicts
Ž .3.8 .
Ž .Step 2. In this step we show that for any pN, z p 1 lies above
the curve 
 and
 r r  r r2 2 1 2 2 1x p 1 y p 1  B  hŽ . Ž . Ž . Ž .1 2 2
Ž . Ž . Ž .if y p  h holds. In fact, if y p  h , then it follows from 1.1 and2 2
Ž .3.3 that
   y p 1  h exp r 1  B  B   h . 4Ž . 2 2 2 1 2 2 2
Ž .Hence, from 3.3 we have
 r r  r r2 2 1 2 2 1x p 1 y p 1  B  h ,Ž . Ž . Ž . Ž .1 2 2
Ž .which implies that z p 1 lies above the curve 
.
Ž .Now we are in a position to prove that z n eventually lies above 
.
Ž .From Step 1, there is an n N such that y n  h . We will show that1 1 2
Ž .z n lies above 
 for all n n . Otherwise, from Step 2, there exists some1
Ž . Ž .n  n  1 such that z n lies above 
 for n  n n , and z n  13 1 3 1 3
lies below 
, that is,
m r r 2  r r2 2 1  2 2 1x n  1 y n  1  B  h . 3.9Ž . Ž . Ž . Ž . Ž .3 3 1 2 2M2
Ž . Ž .Then we can see from Step 2 that y n  h . Since y n  h , it follows3 2 1 2
from Step 2 that there exists some n : n  n  n such that for n  n2 3 2 1 3
 n ,2
y n  h 3.10Ž . Ž .2
and
 r r  r r2 2 1  2 2 1x n y n  B  h . 3.11Ž . Ž . Ž . Ž . Ž .2 2 1 2 2
Ž . Ž . Ž . Ž .Hence, we have from 3.5 , 3.7 , 3.10 , and 3.11 that
V n  1 V nŽ . Ž . r r 2 3 2 32 2 1x n  1 y n  1  Ž . Ž .3 3 M M2 2
V nŽ .2 2
  
M2
m  r r2 2 2 1 x n y nŽ . Ž .Ž . Ž .2 2M2
m2  r r 2 2 1 B  h ,Ž . Ž .1 2 2M2
SAITO, MA, AND HARA170
Ž . Ž .which is a contradiction to 3.9 . Therefore z n lies above 
 for all
Ž .n n . Similarly, we can show that there is an n N such that z n lies1 4
Ž .in the right of 	 for all n n . Consequently, z n eventually enters and4
remains in the region D.
Ž .Necessity. Assume the assertion is false, that is, let 1.1 be perma-
nent for all nonnegative integers k , k , l , and l but   1 or   1.1 2 1 2 1 2
Ž . Ž .I The case   1 or   1. From 1.1 we can take   11 2 2
without loss of generality. Let k  0. Then, by use of the transformation1
x n 1  u n , y n 1  n ,Ž . Ž . Ž . Ž .1 1
x n 2  u n , y n 2  n ,Ž . Ž . Ž . Ž .2 2

x n l  u n , y n k  n ,Ž . Ž . Ž . Ž .1 l k1
 4 Ž .where kmax k , l , the system 1.1 is reduced to2 2
x n 1  x n exp r 1 x n    nŽ . Ž . Ž . Ž . 41 1 k 2
u n 1  x nŽ . Ž .1
u n 1  u nŽ . Ž .2 1

u n 1  u nŽ . Ž .l l 11 1 3.12Ž .
y n 1  y n exp r 1  u n  nŽ . Ž . Ž . Ž . 42 2 l l1 2
 n 1  y nŽ . Ž .1
 n 1  nŽ . Ž .2 1

 n 1  n .Ž . Ž .k k1
Ž .Let w x, u , u , . . . , u , y,  ,  , . . . ,  and define1 2 l 1 2 k1
x 0, u  0 i 1, 2, . . . , l ,Ž .i 1kl 2 kl 21 1R  w
 R . ½ 5y 0,   0 j 1, 2, . . . , kŽ .j
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Ž .Now, we will investigate the local behavior of the solution of 3.12 near
k l 21the following point w 
 R :0 
x
1u1 1. .. .. .
ul 11w   .0 0y
0 1 ... ... 0 k
Ž .The Jacobian matrix at w for 3.12 takes the form0
1 r r 1 1 1
1
. . .




where nulls mean 0. The eigenvalues of this matrix are the roots of
k l1  1 r  exp r 1   0. 4Ž . Ž .1 2 2
 Ž .Clearly, they are 0, 1 r , and exp r 1  . Since   1, in the case1 2 2 2
0 r  2, all of the eigenvalues have moduli less than 1, which implies1
Ž . Ž .that w is locally asymptotically stable for 3.12 . Therefore, 1.1 is not0
permanent, which is a contradiction.
In the case r  2, let e , e , . . . , e be the generalized eigenvectors of1 1 2 kl1
Ž . Ž .J w corresponding to the eigenvalue 0 of J w and let e be the0 0 kl 11
Ž .  Ž .eigenvector of J w corresponding to the eigenvalue exp r 1  of0 2 2
Ž . k l12J w . Then we easily see that the following hyperplane in R0
 4w  span e , e , . . . , e , e 3.13Ž .0 1 2 kl kl 11 1
Ž  .is the stable set for w cf. 10, pp. 1523 .0
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Computing e , we havek l 11
1
exp r   1Ž .2 2
...
exp l r   1Ž .1 2 2
1 r  exp r 1 Ž .1 2 2
r  exp k r   1Ž .1 1 2 2 2e  .k l 11
1 r  exp r 1 Ž .1 2 2
r  exp k  1 r   1Ž . Ž .1 1 2 2 2
...
1 r  exp r 1 Ž .1 2 2
r  exp k  k r   1Ž . Ž .1 1 2 2 2
For a positive number L such that
Lmax exp r   1 , . . . , exp l r   1 , 4Ž . Ž .2 2 1 2 2
we can obtain for 1L t 0,
w  te 
 Rk l12 .0 kl 1 1
Ž .This implies that the hyperplane 3.13 has the local intersection with
k l12  R at w . From 10, pp. 2123 , we see that there is a local invariant 0
s Ž . Ž .stable manifold W w which is tangent to the hyperplane 3.13 at w .l oc 0 0
s Ž . k l12Hence, W w has also the local intersection with R at w , andl oc 0  0
Ž .the solution of 3.12 through the point in this intersection approaches w0
s Ž . Ž .along W w . Therefore, 1.1 is not permanent, which is a contradiction.l oc 0
Ž .II The case   1 and  	 1. Let k  k  l  l  0 and1 2 1 2 1 2
define
r r2 1U n  x n y nŽ . Ž . Ž .Ž . Ž .1
Ž . Ž .for n 0. Calculating U n 1 U n , we have for n 0,1 1
U n 1 U n exp r r 1  x n 	U n ,Ž . Ž . Ž . Ž . Ž .1 1 1 2 2 1
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that is,
r rr r 2 12 1x n 1 y n 1 	 x n y n . 3.14Ž . Ž . Ž . Ž . Ž .Ž . Ž .
Ž .Since 1.1 is permanent, there exists a compact set D in the interior of0
2 Ž . Ž .R such that any solution of 1.1 with 1.2 will ultimately stay in D . 0
Then we can choose sufficiently small c 0 such that the curve x r2 yr 1  c
2 Ž .does not intersect with D in the interior of R . From 3.14 , a solution0 
r r2 1Ž Ž . Ž .. Ž . Ž Ž .. Ž Ž ..x n , y n of 1.1 with x 0 y 0  c lies in the left of the curve
r r2 1 Ž Ž . Ž ..x y  c. This implies that x n , y n does not enter D , which is a0
contradiction.
Ž .III The case  	 1 and   1. Let k  k  l  l  0 and1 2 1 2 1 2
define
r r2 1U n  x n y nŽ . Ž . Ž .Ž . Ž .2
Ž . Ž .for n 0. Calculating U n 1 U n , we have for n 0,2 2
U n 1 U n exp r r 1  x n 	U n ,Ž . Ž . Ž . Ž . Ž .2 2 1 2 1 2
that is,
r rr r 2 12 1x n 1 y n 1 	 x n y n .Ž . Ž . Ž . Ž .Ž . Ž .
We can choose sufficiently small d 0 such that the curve xr 2 y r1  c
does not intersect with D in the interior of R2 . By the same argument as0 
Ž . Ž Ž . Ž .. Ž .in II , we can show that a solution x n , y n of 1.1 with
r r2 1Ž Ž .. Ž Ž ..x 0 y 0  d does not enter D . This is a contradiction. The proof0
is thus completed.
Remark 3.1. We are interested in generalizing our result to an n-species
LotkaVolterra discrete system with delays, which becomes much more
complicated and has not yet been solved. We leave this for a future work.
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